
SCHOOL OF MATHEMATICS AND PHYSICS

Mathematics Challenge–2015–16

Solutions

Note that each problem may have several different solutions
by different methods.

Problem 1. Suppose that an underground tunnel of length 100 km is constructed strictly
along a straight line between two points on the Earth’s surface. Assuming that the Earth
is a perfect sphere of radius 6,371 km, estimate the maximum depth which the tunnel
reaches below ground.

Solution of Problem 1. The section of the Earth sphere through the centre C and the
tunnel produces the picture where CBD is a right triangle with ∠CDB = 90◦, CB =
6, 371 km, and BD = 50 km. Then by Pythagoras theorem, CD =

√
6, 3712 − 502 ≈

6, 370.8. Then the maximum depth is AD ≈ 6, 371 − 6, 370.8 = 0.2 km, that is, about
200 m.

Problem 2. Find all solutions of the equation 4·
∣∣|x| − 2

∣∣ = x + 4.

Solution of Problem 2. When |x| > 2, the equation takes the form 4(|x|−2) = x+4; in
turn, for x > 2 this is 4(x−2) = x+4, whence x = 12/4 = 3 (and this is in the area under
consideration as 3 > 2), and if x 6 −2, then the equation becomes 4(−x − 2) = x + 4,
whence x = −12/3 = −4 (and this is in the area under consideration as −4 > −2).
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When |x| 6 2, the equation takes the form 4(2 − |x|) = x + 4; in turn, for 0 6 x 6 2
this is 4(2 − x) = x + 4, whence x = 4/5 (and this is in the area under consideration as
0 6 4/5 6 2), and if −2 6 x 6 0, then the equation becomes 4(2 + x) = x + 4, whence
x = −4/3 (and this is in the area under consideration as −2 6 −4/4 6 0).

Answer: four solutions 3, −4, 4/5, −4/3.

Problem 3. Prove that a number 2n, where n is a positive integer, cannot have four
equal right-most digits.

Solution of Problem 3. Proof by contradiction: suppose that 2n has four equal right-
most digits. Note that by inspection n cannot be 1, 2, 3, so we assume n > 4. These
digits alone form a four-digit number dddd = d · 1111, where d is one of the digits
0,1,2,3,4,5,6,7,8,9. When we subtract this number, we obtain zeros as four right-most
digits, so the difference is divisible by 10,000: that is, 2n − d · 1111 = 10, 000 · k, where k
is an integer. Clearly, 10, 000 = 24 · 54 is divisible by 24. Since n > 4, also 2n is divisible
by 24. Hence d · 1111 = 2n− 10, 000 must also be divisible by 24. But 1111 is odd and the
digit d is divisible by at most 23 unless d = 0. In the case d = 0, however, 2n would have
0 as right-most digit and would be divisible by 5, which is impossible. Thus we obtained
a contradiction in all cases, which proves that our assumption is false, so the proof is
complete.

Comments on submissions and solutions of Problem 3. Some other correct so-
lutions by participants were based on establishing repetition patterns in the right-most
digits of powers 2n.

Problem 4. In the following picture there are three squares of side length 1. Find the
area of the triangle ABC.

Solution of Problem 4. One of possible solutions is based on similar triangles. Because
of parallel (vertical) lines,4AFG is similar to4ADE with coefficient 2, so DE = 1/2 cm.
For similar :-) reasons, 4ABC is similar to4EDC; the coefficient is 2 : (1/2) = 4. Hence
the same ratio for the heights: h2 : h1 = 4. We also know that h1 + h2 = 1 cm. Hence
h1 = h2/4, substitute: h2/4 + h2 = 1 cm, whence h2 = 4/5 cm. Then the sought-for area
is 1

2
AB · h2 = (1/2) · 2 · 4/5 = 4/5 cm2.

Comments on submissions and solutions of Problem 4. Another elegant solution
by one of the participants is illustrated by the following picture, with “thinking out of
the box” argument.
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The pink, yellow, and blue triangles are exactly the same as our triangle 4ABC.
Together with the central white oblique square, these four triangles constitute the big
2× 2 square. By extending the lines as on the picture we obtain another oblique square
protruding out of the big 2 × 2 square, which is obviously exactly the same as that
central white oblique square. It remains to notice that the red triangles are congruent
and therefore the protruding square has the same area as our 4ABC. Thus, the area
2×2 = 4 cm2 is composed of 5 disjoint pieces, each of the same area as 4ABC. Therefore
the area of 4ABC is 4/5 cm2.

Problem 5. Prove that if a, b, c are odd integers, then the equation ax2 + bx+ c = 0 has
no rational roots.

Solution of Problem 5. Proof by contradiction. Suppose the opposite, and m/n is a
rational root, with m,n integers. We can assume that the fraction m/n is reduced, so
the greatest common divisor of m,n is 1 (in other words, m,n are coprime). We have
a(m/n)2+b(m/n)+c = 0, whence am2+bmn+cn2 = 0. If m is even, then n is odd, since
m,n are coprime. Using the fact that a, b, c are odd, we obtain that then am2 +bmn+cn2

is odd and cannot be equal to 0. If n is even, then m is odd, since m,n are coprime. Using
the fact that a, b, c are odd, we obtain that then am2 + bmn + cn2 is odd and cannot be
equal to 0. If both m and n are odd, then using the fact that a, b, c are odd, we obtain
that am2 + bmn+ cn2 is odd and cannot be equal to 0. Thus, we obtained a contradiction
in each case, so our assumption is false, and the assertion is proved.

Comments on submissions and solutions of Problem 5. Some solutions by partic-
ipants were based on similar considerations with divisibility, but some contained a minor
mistake of the following nature. It is true that if the equation ax2 + bx + c = 0 with
integer a, b, c has a rational root, then the second root is also rational. But one cannot
claim that necessarily ax2 + bx+ c = (nx−m)(qx− p) for coprime m,n and coprime p, q.
Indeed, multiplying the equation (nx−m)(qx− p) = 0 by any nonzero number does not
change its roots.

Problem 6. Every square of a 2015 × 2015 table contains either 1 or −1. It is known
that the sum of the numbers in every 2 × 2 square is equal to zero. Prove that the sum
of all numbers in the table cannot be greater than 2015.

Solution of Problem 6. Here is a proof by induction of an even stronger statement: if
every square of a (2n − 1) × (2n − 1) table contains a real number between −1 and 1,
and the sum of the numbers in every 2 × 2 square is equal to zero, then the sum of all
numbers in the table cannot be greater than 2n− 1.
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Base of induction is the case n = 1, when the table has only one box and the assertion
is obvious.

Suppose that the assertion is true for n = k; we now derive that it is true for n = k+ 1.
Obviously, the table for n = k + 1 contains a “subtable”, say, in the upper left “corner”
of size (2k− 1)× (2k− 1), to which two rows of boxes at the bottom and two columns on
the right are added. The condition obviously holds for that (2k− 1)× (2k− 1) subtable,
so the sum of all numbers in it is at most 2k − 1. It remains to prove that the sum of
the numbers in the additional two rows and two columns is at most 2. We can divide
the additional two row strip into disjoint 2 × 2 squares, except for the two boxes in the
right-most column. Clearly the sum of all numbers in these disjoint 2× 2 squares is equal
to 0. We can do the same with the strip of the additional two columns. See the picture.

The right-most of those 2× 2 squares in the horizontal strip intersects with the lowest
2 × 2 square in the vertical strip in exactly one box; let a be the number in that box.
Plus there is an “uncovered” box in the bottom right corner; let b be the number in
this box. Then the total sum of numbers in the additional bottom two rows and right-
most two columns is equal to the sum of numbers in those disjoint 2 × 2 squares (each
contributing 0), minus a (since it was counted twice), plus b. Hence this additional sum
is b − a, which is less than or equal to 2, because −1 6 b 6 1 and −1 6 a 6 1. Recall
that the sum of the numbers in the (2k− 1)× (2k− 1) subtable is at most 2k− 1 by the
induction hypothesis; so the total is at most 2k − 1 + 2 = 2(k + 1)− 1, as required.

Comments on submissions and solutions of Problem 6. There is another solution
of Problem 6 (when all entries are ±1), which was suggested by some participants. First
note that if, in two adjacent rows, there are two different entries in one column, then the
two entries in the next (or preceding) column in these two rows must also be different, in
order to maintain the condition that every 2×2 square has zero sum of entries. Therefore
any two adjacent rows can only be either “opposite” to one another, or identical.

In the case where all pairs of adjacent rows consist of “opposite” rows, the sum of all
entries in the 2014 upper rows is obviously zero, as these 2014 rows can be divided into
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dijoint pairs of adjacent rows. The remaining 2015th row can have the sum of its entries
at most 2015. As a result, the total sum over the table is at most 2015 as required.

It remains to consider the case where there is at least one pair of adjacent rows that are
identical. Because of the condition that every 2× 2 square has zero sum of entries, these
two identical rows must have alternating columns of two 1s, or two −1s (as the third row
in the picture above). Then we apply to columns the same arguments as above for rows:
any two adjacent columns can only be either “opposite” to one another, or identical. But
in this case, where we have two identical rows with alternating columns of two 1s, or
two −1s, there cannot be any identical adjacent columns, see the next picture.

Therefore all pairs of adjacent columns are “opposite”, so the first 2014 columns, which
can be divided into disjoint pairs of adjacent opposite columns, have zero sum of entries,
and the last 2015th column has sum of entries at most 2015.
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