
SCHOOL OF MATHEMATICS AND PHYSICS

Mathematics Challenge–2016–17

Solutions

Note that each problem may have several different solutions
by different methods.

Problem 1. Suppose that alloy A contains 40% gold by weight, and alloy B contains 25% gold.
How much of each of these alloys should be taken to be melted together so as to produce 600 grams
of alloy containing 30% gold?

Solution of Problem 1. Let x be the amount of alloy A; then 600− x is amount of alloy B. The
gold content will be 0.4x+ 0.25(600− x) = 0.3 · 600, whence 0.15x = 30, so x = 200g. Answer: 200g
of alloy A and 400g of alloy B.

Problem 2. In a rectangle ABCD, the perpendicular BE dropped from the vertex B onto the
diagonal AC divides AC in the ratio 1 : 3 = AE : EC. Find the length of BC given the length
AB = 1 cm.

Solution of Problem 2. Let BC = x. By the Pythagoras theorem, AC =
√

12 + x2. By hypothesis,
AE =

√
12 + x2/4. Since the triangles ABC and AEB are similar, we have AE : AB = AB : AC,

that is, √
1 + x2/4

1
=

1√
1 + x2

,

whence
√

1 + x2 = 4, so BC = x =
√

3 cm.
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Problem 3. Solve the inequality
1

3x + 1
+

1

3x − 3
6 0.

Solution of Problem 3. Note that x 6= 1 for the second denominator to be nonzero. Note also
that the first denominator is always positive.

For x < 1 the second denominator is negative, so multiplying the inequality by the negative number
(3x + 1)(3x − 3) we must change sign from 6 to >:

3x − 3 + 3x + 1 > 0 (for x < 1),

whence 3x > 1, that is, x > 0. Thus, in this area x < 1, the answer is 0 6 x < 1.
For x > 1 the second denominator is positive, so multiplying the inequality by the positive number

(3x + 1)(3x − 3) we obtain
3x − 3 + 3x + 1 6 0 (for x > 1),

whence 3x 6 1, that is, x 6 0. Thus, in this area x > 1, there are no solutions.
Final answer: 0 6 x < 1.

Problem 4. Given an arbitrary convex quadrangle ABCD, each side of it is divided by two points in
the ratio 1 :

√
2 : 1. Then a new quadrangle PQRS is formed by constructing straight lines through

pairs of these points as shown in the picture. Prove that the areas of the quadrangles ABCD and
PQRS are equal.
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Solution of Problem 4. Draw the diagonals of the quadrangle ABCD. Note that by the Thales
intercept theorem, the sides of the new quadrangle are parallel to these diagonals.

In each ‘quadrant’ formed by these diagonals, it is sufficient to show that the sum of the areas
of small triangles like 4BTU and 4VWC (subtracted from the area) is equal to the area of the
triangle 4V PU (added to the area). These three triangles are similar, with coefficients 1 :

√
2 : 1.

Hence their areas are in the ratio 12 : (
√

2)2 : 12, that is, 1 : 2 : 1. This means that indeed the sum
of the areas of 4BTU and 4VWC is equal to the area of 4V PU . This argument is the same for
each of the four ‘quadrants’.

Comments on submissions and solutions of Problem 4. Some other solutions were also pro-
posed by the participants. For example, using the parallelogram formed by drawing lines parallel to
the diagonals through the vertices A,B,C,D.

Problem 5. Prove that, given any 11 integers, one can choose some of them and put signs + or −
between these chosen integers in such a way that the resulting sum is divisible by 2016.

Solution of Problem 5. Consider all possible sums formed by choosing some of these numbers.
Altogether there are 211 such sums, because each of the 11 numbers can be either included or not
(we assume that if none is included then the sum is 0). Since 211 = 2048 is greater than 2016, at
least two of these sums have the same remainder after division by 2016, say, S1 and S2. Then the
difference of these two sums S1−S2 is divisible by 2016. We remove the numbers that occur in both
sums S1 and S2; this does not affect the difference. Then the remaining numbers occur once each,
those from S1 with sign +, and those from S2 with sign − (it may happen that none from S1 remain,
or from S2, but some will definitely remain as S1 and S2 contain different sets of numbers). The
remaining expression is a required one.
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Problem 6. Given 2016 non-zero real numbers, one can perform the following operation: replace
any two of these numbers a and b by the numbers (a − b)/2 and (a + b)/2. Prove that one cannot
return to the initial set of numbers after several such steps.

Solution of Problem 6. We have ((a− b)/2)2 + ((a + b)/2)2 = (a2 + b2)/2. This value is at most
a2 + b2, and can be equal to a2 + b2 only if a = b = 0. Therefore the sum of squares of all numbers
will become strictly smaller after the first step, since all numbers originally are non-zero, and will
not be increasing at any subsequent step. As a result, the sum of squares will remain strictly smaller
than the original one, so a return to the original set is impossible.

Comments on submissions and solutions of Problem 6. Another solution of Problem 6 uses
the sum of absolute values of the numbers. One can show that this sum becomes strictly smaller
after the first step, and cannot increase at subsequent steps.
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