
SCHOOL OF MATHEMATICS AND PHYSICS

Mathematics Challenge–2020–21

Brief solutions

Note that each problem may have several different solutions
by different methods.

Problem 1. Let O be the intersection point of the diagonals AC and BD of a convex quadrangle
ABCD. Determine the minimum possible area of ABCD under the condition that the area of
4ABO is 25 cm2 and the area of 4CDO is 49 cm2.

Solution of Problem 1. Let BO = x cm and OD = y cm. The height ha of 4ABO from A is
then 25 · 2/x, which is also the height in 4ADO. The height hc of 4COD from C is 49 · 2/y, which
is also the height in 4OCB. Since the areas of 4ABO and 4CDO are fixed, we need to find the
minimum of the sum of areas of 4ADO and 4BCO, that is

25y

x
+

49x

y
.

Let r = x/y, then we need to find the minimum of the function

25

r
+ 49r.

Equating the derivative to 0, we obtain a positive root r = 5/7. Since the second derivative is
positive, this is a minimum point. Thus, the answer is attained at r = 5/7, with minimum area

25 + 49 +
25 · 7

5
+

49 · 5
7

= 144 cm2.
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Comments on submissions and solutions of Problem 1. A typical mistake was just equating
the derivative to zero, without checking if it is minimum or maximum, or inflection point. There
were also other valid solutions, in particular based on the inequality for arithmetic and geometric
means.

Problem 2. Solve the system of simultaneous equations{
x2 + xy + y2 = 4

x4 + x2y2 + y4 = 8.

Solution of Problem 2. We rewrite the 1st equation as 4 − xy = x2 + y2 and take squares:
16 − 8xy + x2y2 = x4 + 2x2y2 + y4, so that 16 − 8xy = x4 + x2y2 + y4 = 8 by the 2nd equation.
Hence, xy = 1, and we can substitute y = 1/x and xy = 1 into the 1st equation: x2 + 1 + 1/x2 = 4.

This gives a quadratic equation for x2 with roots 3±
√
5

2
(which, notably, are both positive). Then

x = ±
√

3±
√
5

2
and y = 1/x. Thus, there are four answers (which can be simplified in certain ways).

Comments on submissions and solutions of Problem 2. Answer should be in pairs for x, y,
not simply separate lists for x and y, as these values must satisfy xy = 1.

Problem 3. Let ABCD be an arbitrary convex quadrangle. On every side of ABCD, squares are
constructed on the outside of ABCD as on the picture. Let A1, B1, C1, D1 be the vertices of these

squares opposite to the vertices A,B,C,D, respectively. Prove that the sum of vectors
−−→
AA1,

−−→
BB1,−−→

CC1,
−−→
DD1 is equal to

−→
0 .

Solution of Problem 3. The vector
−−→
AA1 is obtained from the vector

−→
AB by extension with co-

efficient
√

2 and counterclockwise rotation through π/4. The same is true for the vector
−−→
BB1 with
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respect to the vector
−−→
BC, and so on. Therefore the sum

−−→
AA1 +

−−→
BB1 +

−−→
CC1 +

−−→
DD1 is obtained

from the sum
−→
AB +

−−→
BC +

−−→
CD+

−−→
DA by the same transformation (extension with coefficient

√
2 and

counterclockwise rotation through π/4). However, we see that
−→
AB +

−−→
BC +

−−→
CD +

−−→
DA =

−→
0 , hence

the result.

Comments on submissions and solutions of Problem 3. The same type of argument can be
written more formally, using the coordinates and the matrix of the corresponding transformation. In
either case, it was assumed as known that the transformation is indeed linear, that is, takes the sum
of vectors to the sum of their images.

Problem 4. Represent the following product in the form of a reduced fraction
m

n
with coprime positive integers m,n and find the sum m+ n:

23 − 1

23 + 1
· 33 − 1

33 + 1
· 43 − 1

43 + 1
· 53 − 1

53 + 1
· · · 20203 − 1

20203 + 1
.

Solution of Problem 4. We have k3 − 1 = (k − 1)(k2 + k + 1) in the numerators and k3 + 1 =
(k+ 1)(k2− k+ 1) in the denominators. Clearly, the factors of the type k− 1 in the numerators are
‘the same’ as factors k + 1 in the denominators shifted by 2; therefore ‘most of them’, apart from
beginning and end, cancel out. Also k2 +k+ 1 = (k+ 1)2− (k+ 1) + 1, which means that the factors
of the type k2 + k + 1 in the numerators are ‘the same’ as factors k2 − k + 1 in the denominators
shifted by 1, and again, ‘most of them’, apart from beginning and end, cancel out. The remaining
factors are

1 · 2 · (20202 + 2020 + 1)

(22 − 2 + 1) · 2020 · 2021
.

Factorizing and reducing the fraction we get

1360807

2041210
with coprime numerator and denominator, so the answer is 3402017.

Problem 5. The positive integers 1, 2, 3, . . . , 2020 are placed on a circle in some order. Prove that
one can always find three neighbouring numbers (that is, three numbers appearing consecutively on
the circle) the sum of which is not divisible by 5.

Solution of Problem 5. Proof by contradiction. Suppose that any three cyclically consecutive
numbers produce a sum divisible by 5. Looking at the sums ak + ak+1 + ak+2 and ak+1 + ak+2 + ak+3

we conclude that the remainder of ak modulo 5 is the same as that of ak+3, as both are equal to
−ak+1 − ak+2 modulo 5. Hence a1, a4, a7, . . . all have the same remainder modulo 5. Since 2020 is
coprime to 3, these numbers are actually all the 2020 numbers on the circle: for any m there is s such
that m = 1 + 3s modulo 2020. This is a contradiction, since we clearly have different remainders
modulo 5 among the integers 1, 2, 3,. . . .

Alternatively, we get a contradiction simply because we obtain about 1/3 of all numbers 1, 2, . . . ,
2020 having the same remainder modulo 5, while in fact every remainder has equal share of these
numbers, 2020/5 numbers for each remainder.

Comments on submissions and solutions of Problem 5. There were several other correct
solutions proposed by the participants.

Problem 6. On the alphabet of two letters A,B, one forms 2n words (arbitrary sequences composed
of the letters A,B) such that none of these words is an initial segment of any other of these words.
(An initial segment of a word can be of any length, from a single first letter, to the whole word.)
Prove that the sum of lengths of these words is at least n · 2n.
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Solution of Problem 6. There are exactly 2n words of length n. If all words have length n or more,
then the total length is at least n · 2n. If a word w has length k < n, then there are 2n−k words of
length n that have w as an initial segment, so that these words of length n cannot be included in the
set. If v is another word in our set of length l < n, then there are 2n−l words of length n that have
v as an initial segment, so that these words of length n cannot be included in the set. Importantly,
the words of length n that have w as an initial segment are all different from the words of length n
that have v as an initial segment, because none of w, v is an initial segment of the other.

Thus, let w1, . . . , ws be all words in our set that have length less than n, say, of lengths k1, . . . , ks,
respectively. Because of the aforementioned ‘disjoint’ property, then there are 2n−k1 + 2n−k2 + · · ·+
2n−ks words of length n that cannot be included in our set. Therefore in our set the remaining 2n− s
words can contain at most 2n − 2n−k1 − 2n−k2 − · · · − 2n−ks words of length n and therefore at least
2n−k1 + 2n−k2 + · · ·+ 2n−ks − s words of length at least n+ 1 . Then the sum of lengths of all words
is at least

(k1 + · · ·+ ks) + n
(
2n − 2n−k1 − 2n−k2 − · · · − 2n−ks

)
+ (n+ 1)

(
2n−k1 + 2n−k2 + · · ·+ 2n−ks − s

)
.

This sum can be re-arranged as

n · 2n +
(
k1 − n2n−k1 + (n+ 1)(2n−k1 − 1)

)
+ · · ·+

(
ks − n2n−ks + (n+ 1)(2n−ks − 1)

)
(here the term −s in the last bracket was ‘distributed’ as s times −1). Therefore to show that this
sum is at least n · 2n, it is sufficient to show that ki − n2n−ki + (n + 1)(2n−ki − 1) > 0 for every
i = 1, . . . , s Putting r = n− ki, we can rewrite the inequality as 2r > r + 1, where r can take values
1, 2, . . . , n− 1. This inequality can be easily proved by induction.

Comments on submissions and solutions of Problem 6. One can visualize the words in two
variables as a binary ‘tree’, which may help in explaining the requisite properties. There are other
ways to prove the required inequality, for example, by a process of gradually ‘improving’ the set of
words, preserving the non-preceding property but without enlarging the sum of lengths, and arriving
in the end at the case where all words have length n. It is also possible to use induction on the number
of words of length less than n. Some incomplete solutions contained a correct inequality for one word
of length less than n. It is true that the inequality in the above solution can be regarded as consisting
of several inequalities for a single word of length less than n. But without mentioning the general case
of several words of length less than n, or without the ‘disjoint’ property above, such solutions had to
be marked down slightly as incomplete, albeit on the right track towards a correct solution. Some
other incomplete solutions examined ‘worst cases’ but without rigorous substantiation, although it
could be a correct solution if properly proved.
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